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Review for Exam 1
Sections 6.4-7.5

1 Section 6.4

COoS T
Exercise 1. Find the derivative of / t2 — 5dt
0

Answer.
Let g(z) = [;”°"t* = 5dt and F(X) = fOX t2 — 5dt.
The fundamental theorem of calculus implies F’/(X)= X2-5.
Remark that g(x) = F(cosz).

g'(z) = (—sinz)F’'(cosz) (Chain rule)

g (z) = (—sinx)(cos? z — 5) ‘

2
Exercise 2. Find / 1—|z|dz.
-1

Answer.
For z € [-1,0], |z| = —x, therefore 1—|z|=1+=z.
For z €[0,2], |z| =z, therefore 1—|z|=1-=z.

2 0 2
/ 1—|x\dx:/ 1—|—a:dx+/1—xdx
-1 -1 0

Exercise 3. Find the derivative of f(z) = / t*+1ldtatr=1,at x=0.

1
2

Answer. B )
_ 2 2
f(z) = /0 t +1dt—|—/0 2 +1dt
= [~ (=) ((~z)? + )] + [z> + 1] = 22 + 2
4,

f'(@) (
7 £'(0) =2

1) =

2 Section 6.5

Exercise 4. Find the following integrals
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1. Find /4x\/2x—3dx.

3
Answer. Substitution u=2z—-3. du=2dzxz. z= u—2|— .

/ 427~ Bda = / (u + 3)y/udu

= /u(s/z) + 3u/Ddu

5/2
_ e

2(2z — 3)/2)
5

+2(2¢ -3)8/2 4+ C

2. /cosx(sinx +1)%daz.

Answer. Subtitution u=1+sinz

1
5(1 +sinz)® + C

3. /Gxe””2 dz.

Answer. Substitution u = x2, du = 2zdx.

1/2 1
T s
V2/2 V 1— a2

Answer. No substitution needed, [ = arcsin (%) — arcsin (72) .

™

Tr_T
6 4 12

T
5./ sin'® x cos® zdz.
0

/2 10
0

. T .
Answer. [ = sin'® x cos® zdz + fﬁ/Q sin'® z cos® zdz.

Substitution w =7 —z in the second integral,

w/2 0
I= / sin'® z cos® zdx + / sin*? u(— cos u)?’(—du)
0 /2

/2 /2
= / sin'® z cos® zdx — / sin'® w cos® udu
0 0

[0]
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o

2
/ 622/ 23 + 1dz.

0
Answer. Substitution u=23+1, [ = flg 2\/udu

m/12
7. / tan 3xdx.
0

Answer. Substitution u = cos3z, du = 3sin3zdx

1
8. /(2 +3¢e®)"e” da.
Answer. Substitution u =2+ 3e%,
(2 + 3e%)8
-+ C
24 +
9. /cos(5:c —6)dz.
Answer. Substitution u =5z —6,
in(bx — 6
sin( z ) Lc

3
10. / e+ 424y,
0

f 1 [
Answer. Substitution u=23+1, I = g/ e“du,
1

e —e
3
/2 .
sinx
11. / —dz.

0 24 coszx

Answer. Substitution u =2+ cosxz, du = —sinzdz.
s

If =0, u=3. If x:E, u=2.

2
—1

I:/ —du.
3 u

1 x
12. —dz
/0 V1—22

Answer. Substitution u=1— a2
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13.

14.

15.

16.

17.

18.

19.

t24/t3 + 5dt.

Answer. Substitution u =1t3+15,

3 2
9 x°—1

Answer. Substitution u=2z%—1,

/18x2(6x3 +7) g,

Answer. Substitution u =622+ 7,

/16u+7du
Su2 +Tu

Answer. Substitution u = 8u? + Tu,

In |8u? +7u‘ +C

(94)/7f 1 t
/ In(rt) )
1/7 t

Answer. Remark: you may use that In(wt) =In(w) + In(¢),

4
Substitution uw = In(wt). I :/ udu,
1

15
2
3
/ vz — 1dz.
1
2
Answer. Substitution u=z—-1, I = / (u+1)y/udu
0
44
—V2
15
5
/ x(x — 3)%dz.
0
Answer. Substitution u =1z — 3,
2 8 792
T 3z
I= Nubdu = | — + = .
[5(u+)uu {84—7}_3
11425
56
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3 Section 7.1

Exercise 5. Find the area between the curves

1. y =22 and y = z over [0, 2].
Answer.
Yy o — o3

Curves intersect at x=1. A= fol x —z3de + f12 23 — xdx
5
2

2. f(x)=4—2%and g(x) =2z +1

)
g(z) =2z +1

i

Answer.

e Find the coordinates of the intersection points by solving y = g(x) = f(z).
4—22=2r+1 iff 0 =22+ 22— 3.
Using the quadratic formula, 2 solutions : x =1 and z = —3.
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e Evaluate the area:

1
A= / top_function — bottom_function
-3

:/1(4—x2)—(2x+1)dx

-3

1
= [337—332—%3]
313

3. f(z) =23 and g(z) = 2% between z = 0 and = = 4.

1 4
Answer. The curves intersect at x=1. A :/ 2% — x3dx+/ 2° — 22dx
0 1

4 Sections 7.2, 7.3

Exercise 6. (Fall 2011) Find the volume of the solid formed by rotating the region bounded by z =0, y = Inz,
y =0, y = 2 about the y-axis.

Answer.
Yy x=0 y=2
1| y=In(z),z=-ev
R

2 2 4
-1
e Washer method: V :/ ﬂ(ey)Qdy :/ ey dy = %.
0 0

e The cylindric shells method gives:
2 2

V= / 2rx(2 — In(z))dz = / drr — 27z In(z)de.
1 1

2

€
Use integration by part to evaluate / zln(x)dz .
6

Exercise 7. The region bounded by y = 22 — 22 and y = 0 is revolved around the y-axis. Find the volume.
Answer.
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|
/

Using the cylindric shells method,
2 2

V= / 2mx(2x — 2%)de = / 4ra? — 2maPde
0 0

\

y =2z — 22

8T
3

Exercise 8. Using cylindric shells, set up an integral for the volume of the solid formed by rotating the region

bounded by y = y/z and y = 22 about the line y = —1.
Answer.
y y=1%2=\/j

y=z,x=1y>

1 1
“ V- / am(y — (—1))(yF — y*)dy = / 2m(y + 1))(v7 — v?)dy.
0 0

e Use the washer method, V = fol 7(vx —(=1))? —7w(a? — (—1))%dx = ﬁf01x+2\/5—|—1—x4—2x2—1dz

1 4 1 2
V—”(z+3‘5‘3)

! 297
| 2+ )= o = 3

Exercise 9. (Fall 2011) Find the volume of the solid whose base is the area enclosed by y = sinz and y = cosx

from E, %’T} with cross sections perpendicular to the x-axis that are squares.
Answer.
Y
y = sin(x)
x
Y = Cosx

37 /4
V= / Asquare(z)dx.
/4

At a given z, the side of the square measures sinz —cosx.

Asquare(z) = (sina — cos x)2 =1+ 2sinzcosz
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37 /4
V:/ 1+ 2sinz cos xdx
w/4

™
V=3

1
Exercise 10. Find the volume of the solid obtained by rotating the region bounded by the curves y = —,
x

y = x, and x = 2 about the z-axis.

Y y=ux
\
_1
el
r=2
Answer. Using the washer method:

2 1 2
V:’]T/ x2—<> dx
1 x

Exercise 11. Find the volume of the solid obtained by rotating the region bounded by the curves y = =3 and

y=2a’

1. about the line y = 1.

\ i
y=1
X

/

I

Answer. Using the washer method,

=T ' —{1732— —.%'2{17
V—/O(l )2 — (1 —22)d

23w

210

2. about the line x = —1.

Answer. Using the cylindric shells method,
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= 17T.'L'—— .132—.133 X.
v-/02< (~1))(? — 2%)d

4
15
Exercise 12. Let S be a solid whose base is the triangle with vertices (0,0), (1,0), and (0, 2), and whose

cross sections perpendicular to the y-axis are semicircles. Compute the volume of S.

Answer.
Y
2-y
)
d
T
y=2-—2x

Above each horizontal segment (blue) y = cte is a semi-circle whose diameter is the blue
segment. The segment are parametrized by y therefore the variable of integration is y.

2 r?  wd?
V = fo Aydy where A, is the area of the semi-circle at y = cte. The area is o T3
where d is the length of the blue segment.

Using the similar triangle equalities,

d_2-y
1 2
_m(2-y)?
Therefore A, = 3 .
2 2
m(2—y)
V:/ MASIE 22 TP
o 32
Vs
V=_
12

5 Section 7.4

Exercise 13. (4p448) When a particle is a a distance & meters from the origin, a force of cos(wz/3) Newtons
acts on it. How much work is done in moving the particle from z =1 to x = 27

Answer. W = /IZF(z)d:v - /12 cos(mz/3) = [3Sin(77rfoz/3)]2 _3(v3-V3)

1 2

Exercise 14. A 15N weight is suspended vertically at the end of a 30m long rope. The rope weighs 6N. How

much work is required to pull the weight to the top?
Answer. W = W, ope + Weeight -

Waeight = F-d =630 =180J.  Wippe = [0 21392 = 2257
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Exercise 15. A rope 20 feet long weighing 2 pounds per foot supports a 160lb weight on the side of the
building. How much work in (ft-1b) is required to pull the weight to the top of the building?
Answer. W = W, ope + Weight -

Weight = F - d = 160 x 20 = 3200£t-1b.

Let x be the distance to the top. z =0 at the top of the building. =z =20 at the bottom
of the rope.

Wiope = [0 20 = 400£t-1b

W = 3600ft-1b

Exercise 16. (8p448) If the work to stretch a spring 1 ft beyond its natural length is 12 ft-1b, how much work
is needed to stretch it 9 in. beyond its natural length?

Answer. Hooke’s law F' = kx where z is the length beyond its natural length.
1

Wige =12 ft-1b = kxdx = gft-lb

0
Therefore k = 24.

Remark: 9in=0.75 ft.

27
Wo.rs = th—lb

Exercise 17. A force of 10lb is required to hold a spring stretched 1/3 ft beyond its natural length. How

much work is done in stretching it from its natural length to 1/2 ft beyond its natural length?
Answer. Hooke’s law F = kx. Here 10 = k% , therefore k = 30.

0.5 0.5
W = kxdx = / 30zdx
0 0

15
W = —ft-Ib
4

Exercise 18.

(10 points) A cylindrical stock tank has height h = % m. The diameter isd = 1 m;
illustration below. The tank is full of Liquid (density = p keg/ m?). What is the
work required to pump all the liquid out of the top of the stock tank? (Leave
your answer in terms of p and g the gravitational constant.)

Answer.

see past exam

Exercise 19. The conical tank shown below is 3 feet tall (not including the spout), has a 2 foot radius at the

10
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top, is full of water (density pg), and has a 1 foot tall spout. Find the work required to pump all the water out
of the spout. Leave your answer in terms of p and g.

1

Answer.

see past exam

Exercise 20.
Consider a trough full of liquid with weight density pg, where the trough is 8 ft. long and its cross-section is
given by the figure

2 ft. %

3ft

Calculate the work needed to pump all of the fluid over the top. (10 points)

Answer.

see past exam

6 Section 7.5

Exercise 21. Find the average value of the following functions

1. g(z) = % over [1,3].

1 33
Answer. g, = / —dx
1 T

2

2. j(x) = x* over [1,4].

1 4
Answer. jg,. = ﬂ/ 22dx
- 1

11
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3. (Fall 2011) f(z) = cos? zsin(2z) over the interval [O, f]

2

2 7T/2
Answer. fo,. = — / cos? z(2sin x cos x)dz.
™ Jo

1
fave = -

= % on the interval [0, 3].

13 T
Answer. fu,.= f/ dxz. Substitution u=2x+1.
0

3 vr+1

f(we =

8

9

12



